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We argue that the true nature of the renormalizability of Horava-Lifshitz gravity lies in the
presence of higher order spatial derivatives and not in the anisotropic Lifshitz scaling of space and
time. We discuss the possibility of constructing a higher order spatial derivatives model that has the
same renormalization properties of Horava-Lifshitz gravity but that does not make use of the Lifshitz
scaling. In addition, the state-of-the-art of the Lorentz symmetry restoration in Horava-Lifshitz-type
theories of gravitation is reviewed.
The quantum gravity problem, namely the need of an
unified description of all fundamental interactions in the
same theoretical framework, is one of the most challeng-
ing subjects of modern physics. The most important ap-
proaches to quantum gravity are Loop Quantum Gravity,
Strings, and Noncommutative Geometries (see [1] for an
introductory reading), but recently a new model of grav-
ity, the so called Horava-Lifshitz Gravity (H-LG) [2], has
been proposed and it is believed to be renormalizable.
H-LG has been shown to be a viable model of gravita-
tion at cosmological and astrophysical levels [3–6], and
black hole thermodynamics has been also considered [7–
10], but one of the main problems with such a model is
that it implies the loss of Lorentz symmetry.
H-LG makes use of two different assumptions: the
introduction of higher order spatial derivatives [44] in
the lagrangian density of the gravitational field and the
anisotropic Lifshitz scaling of space and time.
Due to higher order spatial derivatives, the invari-
ance of General Relativity (GR) under diffeomorphisms
Diff(M) is broken. Therefore, the spacetime M is as-
sumed to be a codimension-one foliable and differentiable
manifold and the theory is invariant under the group of
foliation preserving diffeomorphisms DiffF(M), which
leave the spatial derivatives invariant. We stress that the
invariance of the theory under DiffF(M) does not imply
the Lifshitz scaling.
Higher derivative renormalizable theories of gravita-
tion have been first presented in [11] which are invariant
under GR diffeomorphysms Diff(M). The main prob-
lem here is that they contain a physical ghost (a state of
negative norm) and therefore they violate the unitarity.
Recently, a new class of higher derivative theories has
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been presented that turns out to be both renormalizable
and ghost-free [12–16]. The price to pay here is that the
theory should contain an infinite number of derivatives
to avoid the loss of unitarity. However, H-LG is natu-
rally ghost-free [3] since it contains higher order space
derivatives but no higher order time derivatives. More-
over, the renormalizability condition only requires space
derivatives of finite order, therefore H-LG is simpler than
an infinite order theory. Despite of these advantages,
there is an apparently strong problem in H-LG: the loss
of diffeomorphism invariance and then the loss of Lorentz
symmetry in flat spacetime as discussed in [17–20].
In this Letter we argue that the true nature of the
renormalizability of H-LG lies in the presence of higher
order spatial derivatives in the lagrangian density of the
gravitational field and not in the anisotropic Lifshitz scal-
ing of space and time.
The power counting renormalizability of H-LG is de-
duced by an argument based on dimensional analysis
[2, 3] which makes use of the Lifshitz scaling. As we will
show, such a dimensional analysis is incorrect and the Lif-
shitz scaling results to be unnecessary for the renormal-
izability of the theory. Therefore the renormalizability of
H-LG would be due uniquely to the presence of higher
order spatial derivatives in the lagrangian density of the
gravitational field and not due to the Lifshitz scaling. In
fact, because of the higher order derivatives, the graviton
propagator goes to zero more rapidly than 1/k2 at high
wave numbers k, ensuring the convergence of Feynman
diagrams.
We stress that Lifshitz scaling and higher order spa-
tial derivatives are two distinct features of H-LG which
are not equivalent. As an example of this fact, we will
introduce in (15) a new gravitational model with higher
order spatial derivatives but that does not make use of
the Lifshitz scaling. In particular this model has the same
gravitational lagrangian density of H-LG and, therefore,
has the same graviton propagators and renormalization
properties of H-LG. Conversely, assuming Lifshitz scal-
2ing but no higher order derivatives, it does not lead to
a renormalizable theory since in that case the graviton
propagator scales as 1/k2 as in GR. These examples just
confirm the fact that the Lifshitz scaling is not neces-
sary for the renormalizability of H-LG-type theories of
gravitation.
We remark that the new model (15) is invariant under
DiffF(M) since it contains higher order spatial deriva-
tives that break the Diff(M) invariance of GR, but it
does not use the Lifshitz scaling. However, the breaking
of Diff(M) implies the loss of Lorentz invariance. For
that reason, we will discuss the possibility of recovering
the Lorentz symmetry in flat spacetime background in
H-LG-type theories in the Standard Model (SM) particle
sector at energies below the Planck scale.
In what follows, we will first resume the main proper-
ties of H-LG and show that the power counting renormal-
ization argument introduced in [2] is incorrect. Then, we
will argue that the renormalization of the model is due
to the presence of higher order spatial derivatives and
not due to the Lifshitz sclaing. We will introduce a new
higher derivative model that has the same renormaliza-
tion properties of H-LG but that does not make use of
the Lifshitz scaling. Finally we will discuss the Lorentz
symmetry restoration in Horava-Lifshitz-type theories as
known in the literature.
Differently from GR, H-LG consider space and time as
fundamentally different quantities. In fact H-LG assumes
an anisotropic scaling, or Lifshitz scaling, of space and
time given by
t→ bz t , −→x → b−→x , (1)
where z is the dynamical critical exponent of the theory.
Eq. (1) is equivalent to fix the dimensions of time and
space coordinates as [t] = [x]z . Defining a formal symbol
p having dimension of momentum, and taking ~ = 1, one
has [t] = [p]−z and [x] = [p]−1 (see [21, 22]) and therefore
one has [t] = −z and [x] = −1 in momentum units [p].
Here and below, all the dimensions will be expressed in
momentum units [p]. This scaling law is believed to imply
the renormalizability of the theory [2, 3].
The fundamental symmetry of the theory is the invari-
ance under DiffF(M), that in a local reference frame
can be expressed as
t′ = t′(t), −→x ′ = −→x ′(−→x , t). (2)
Note that the invariance under DiffF(M) does not im-
ply the Lifshitz scaling law (1). Moreover, one can always
perform the transformation t′ = t1/z and x′ = x allowed
by the DiffF(M) symmetry, which reduces to isotropic
scaling of space and time coordinates [t′] = [x′] = −1.
This gives an intuition on the fact that the Lifshitz scal-
ing cannot be relevant for the renormalizability of the
theory.
Also note that Lorentz symmetry is not a symmetry of
the theory since it is not included in DiffF(M).
Due to Lifshitz scaling the speed of light now has z de-
pendent dimensions in momentum units [c] = [dx/dt] =
z− 1 [21, 22]. Therefore one can not simply take [c] = 1,
but it is convenient to explicitly express the dependence
on c in all physical quantities. To construct the la-
grangian of the theory in D+1 dimensions, one can write
the D+1-dimensional metric tensor g
(D+1)
ij in the ADM
formalism [23] as
ds2 = −N2(c dt)2 + 2Nα c dt dx
α + g
(D)
αβ dx
αdxβ , (3)
where Greek indices run from 1 to D and Latin in-
dices from 0 to D, and N = g
(D+1)
00 , Nα = g
(D+1)
0α
and g
(D)
αβ = g
(D+1)
αβ are the lapse, the shift and the D-
dimensional spatial metric tensor respectively. Due to
the invariance under DiffF(M), the lapse N(t) is re-
quired to be a function of time only.
Note that the GR time variable x0 = ct has dimensions
[x0] = −1 in momentum units. The GR prescription im-
plies the use of the variable x0 instead of t in all phys-
ical quantities. Of course one can always write the line
element as ds2 = −N2dt2 + 2Nα dt dx
α + g
(D)
αβ dx
αdxβ .
However, in such a case, the dimension of c would be ab-
sorbed in the dimensions of the lapse and shift and one
would have [N ] = [Nα] = z − 1 so the physics would
remain unchanged.
The action of the theory is [3]
SH−LG ≡
2
k2
∫
c dt dDxN
√
−g(D) (LH−LG + LSM ) ,
(4)
where LH−LG is the H-LG lagrangian density and LSM
is the usual SM lagrangian density. LH−LG contains the
higher order spatial derivatives that should ensure the
renormalizability of the theory. Its explicit form is given
by [3]
LH−LG ≡ K
αβKαβ−λK
2+R(D)−2Λ+Iz=2+Iz=3 , (5)
where λ and Λ are constants, R(D) is the Ricci scalar con-
structed with g
(D)
αβ , Kαβ is the extrinsic curvature defined
as
Kαβ ≡
1
2N
(
∂ctg
D
αβ −DαNβ −DβNα
)
, (6)
k ≡ Kαα , Dα is the covariant derivative constructed with
g
(D)
αβ and
Iz=3 ≡ c1DαR
(D)
βγ D
αR(D)βγ + c2DαR
(D)DαR(D) +
+c3R
(D)α
β R
(D) γ
α R
(D)β
γ + c4R
(D)R
(D)α
β R
(D)β
α +
+c5R
(D) 3 , (7)
Iz=2 ≡ c6R
(D)β
α R
(D)α
β + c7R
(D) 2. (8)
H-LG has a scalar ζ and a transverse traceless tensor
hαβ physical degrees of freedom defined by gαβ = (1 +
32 ζ)δαβ + hαβ , whose dispersion relations are
ω2ζ =
λ− 1
3λ− 1
(
k6
M4s
+ κs
k4
M2s
− k2
)
, (9)
ω2h =
k6
M4t
+ κt
k4
M2t
+ k2 , (10)
where [3]
M−4s ≡ −2(3 c1 + 8 c2)M
−2
P , (11)
κsM
−2
s ≡ −2(3 c6 + 8 c7)M
−2
P , (12)
M−4t ≡ −2 c1M
−2
P , (13)
κtM
−2
t ≡ −2 c6M
−2
P , (14)
and MP is the reduced Planck mass. We mention that
the scalar degree of freedom ζ does not decouple in the
low energy limit but it can be eliminated by requiring
local scale invariance as in shape dynamics [24].
Comparing Eq. (4) with the Einstein-Hilbert action
of GR, we can see that the GR diffeomorphism invari-
ance Diff(M) is broken at two different levels. First, it
is broken at the level of the density lagrangian LH−LG,
since this is constructed with quantities explicitly invari-
ant under DiffF(M); second, it is broken at the level of
the D+1 spacetime measure c dtdDxN
√
−gD.
In Ref. [2], the assumption of the Lifshitz scaling law
(1) is motivated since it would lead to the power counting
renormalizability of the theory. This conclusion is based
on the following dimensional argument. First of all note
that in [2] the author uses Eqs. (3)-(5) with c = 1 ignor-
ing the speed of light c and its dimensions. This implies
that the dimensions of c are included in the dimensions of
other physical quantities. For example in [2] the author
uses [N ] = 0, [Nα] = z− 1 (Eq. (2.4)) and [Kij ] = z. By
means of such a dimensional analysis, and requiring the
dimensionless of the action (4), one would conclude that
the dimension of the constant k is (z − D)/2 (Eq. (21)
in [2]). This would lead to the conclusion that the di-
mension of k would be non negative for z ≥ D and that,
therefore, the theory would be power counting renormal-
izable.
Unfortunately, this dimensional argument is not cor-
rect and this is evident if one includes explicitly the speed
of light c in Eqs. (3)-(5) as we did. From Eq. (3), it
is immediate to recognize that the lapse and the shift
should have the same dimension [N ] = [Nα] = 0 since
[ds2] = −2. This also implies that [LH−LG] = 2[Kij ] = 2.
Requiring the dimensionless of the action [SH−LG] = 0
and using Eq.(4) with the correct c dt factor in the in-
tegral, one concludes that the constant k has dimension
[k] = (1 −D)/2 independently of z as it should be. We
stress again that the difference between the two dimen-
sional analysis lies on the fact that in Ref. [2] the de-
pendence on c is not considered explicitly. We also stress
that, as noted before, even if one does not consider ex-
plicitly the light speed c, the dimensions of the lapse and
shift functions should be the same [N ] = [Nα] = z − 1
and, therefore, Eq. (2.4) of [2] is not correct. Using the
correct dimensions z− 1 of the lapse and shift functions,
one again obtains the correct dimension [k] = (1 −D)/2
which is independent of z.
Based on such observations, one can conclude that
the renormalizability of H-LG cannot be motivated by
the dimensional analysis performed in [2]. Whereas the
power counting argument used in [2] has been shown to
be incorrect, the renormalizability of H-LG remains to
be demonstrated rigorously. We notice that in [25], the
renormalizability of H-LG is related to that of topolog-
ically massive gravity but, as the authors remark, the
latter is not strictly proven.
Therefore, we conclude that the Lifshitz scaling has no
any role in the renormalizability of H-LG since the correct
dimensional analysis has been shown to be independent
of the dynamical critical exponent z. We think that the
true nature of the renormalizability of H-LG lies in the
presence of higher derivative terms in the lagrangian and
not in the scaling law (1).
In fact, renormalizability seems to be a feature of
higher derivative theories [11–16], due to the fact that
the presence of higher order derivatives implies that the
graviton propagator goes to zero more rapidly than 1/k2
at high wave numbers k. However, in order to be unitary,
such higher derivative theories should contain an infinite
number of derivatives [12–16]. The advantage of H-LG
with respect to higher order derivative theories is that
it is naturally ghost-free [3] and includes a limited num-
ber of space derivatives but with the handicap of losing
Lorentz symmetry in flat spacetime.
Let us introduce a new model with higher spatial
derivatives that has the same renormalization properties
of H-LG but that does not make use of the Lifshitz scaling
law (1). This example explicitly shows that the Lifshitz
scaling is unnecessary for the renormalizability. More-
over, it can can be of interest since, as we will see, it is
more conservative than H-LG since it does not make use
of the Lifshitz scaling and uses the same volume element
of GR. This new model is only introduced here but its
main properties deserve further study.
Let us use the usual scaling of time and space [t] =
[x] = −1. This legitimates the use of natural units with
c = 1. Moreover, in order to be conservative, we can
break the diffeomorphism invariance of GR only at the
level of the gravitational lagrangian density and take the
same D+1 dimensional measure and SM lagrangian den-
sity as in GR. We restrict to the case D=3 and write the
action for such a new theory as
S ≡
2
k2
∫
d4x
√
−g(3+1) (LH−LG + LSM ) , (15)
where LH−LG is the same as in (5) and d
4x = dtd3x.
Taking λ = 1, k2 = 32piG, and Λ = 0, the action (15)
describes GR plus higher order derivatives [3]. For sim-
plicity, we use the same lagrangian density LH−LG as H-
LG since it contains higher order spatial derivatives that
should ensure the renormalizability of the theory, but it
4is clear that one can make a different choice, e.g. adding
DiffF(M)-invariant terms containing even higher order
spatial derivatives. Also note that (15) reduces to (4) in
the synchronous gauge when D = 3.
Since in Eq. (15) we take the same lagrangian den-
sity LH−LG of H-LG, expanding the gravitational field
around a flat spacetime background gives the same ki-
netic term of H-LG. Therefore, one has the same scalar
ζ and traceless tensor hαβ gravitational degrees of free-
dom and the same dispersion relations (9) and (10) as in
H-LG and then the same propagators for the ζ and hαβ
fields. This implies that (15) has the same renormaliza-
tion properties of H-LG. However the renormalizability
of (15), as well as that of H-LG, remains to be proved
rigorously.
We remark that in the model (15), the parameter z = 3
is no longer the dynamical critical exponent of the the-
ory (which does not assume Lifshitz scaling) but is simply
related to the order 2 z = 6 of spatial derivatives. There-
fore, the UV behavior ∼ k6 of the graviton propagators
is due to higher order derivatives and is not related to
the Lifshitz scaling.
Of course, the new quantum gravity framework de-
scribed by (15) should be tested in the pure gravitational
sector, meaning that one should study the behavior of
gravity at cosmological and astrophysical levels. These
topics deserve further study.
We remark as well that in this new theory one has to
deal with the same SM Lorentz restoration problem of
H-LG [17]. Therefore, here we discuss Lorentz symmetry
restoration in H-LG-type gravities.
It is evident from (4) that, if the gravitational field is
turned off, the residual SM action is Lorentz invariant.
Let us consider SM particles in a flat background space-
time plus quantum gravitational perturbations. Note
that SM particle propagators are Lorentz invariant at
tree level, but graviton propagators are not since the la-
grangian density of the gravitational field is explicitly
not a Lorentz invariant. Of course, loop corrections will
contain graviton propagators and, therefore, will break
Lorentz invariance of SM particle propagators.
Since in (4) SM particles are minimally coupled to
gravity, this implies that, as in GR, interactions between
SM particles and gravitons are expected to be Planck
scale suppressed. Therefore one expects that Lorentz
symmetry breaking loop corrections to SM propagators
are Planck scale suppressed and Lorentz symmetry is
safe.
Unfortunately, this is not the case since, as shown in
Ref. [17], one loop Lorentz symmetry breaking effects are
Planck scale suppressed but coupled to quadratically di-
vergent diagrams and results to be ∝ (ΛHL/MP )
2Λ2UV
where ΛHL ∼ c1, c2, . . . , c5, is the Lorentz symmetry
breaking scale and ΛUV is the ultraviolet (UV) cutoff.
That means that Lorentz symmetry breaking in the SM
sector is never negligible in this picture. In Ref. [17], the
authors propose to introduce higher derivative terms as
Kαβ∆K
αβ or ∇αK
αβ∇γKγβ in order to regularize such
a quadratically divergence, but this possibility has not
been yet completely explored.
Lorentz symmetry restoration is a hard problem for
H-LG-type models. In fact, if Lorentz symmetry is bro-
ken in the SM sector below the Planck scale, the SM
particle propagators would not be Lorentz invariant and
the Minkowskian energy-momentum “dispersion” rela-
tion would be deformed below the Planck scale. Such
dispersion relation deformations have been shown to be
testable in some context up to the Planck scale by us-
ing astrophysical data [26–41] or in cold atoms recoil
frequency experiments [42, 43] and, therefore, a sub-
Planckian Lorentz symmetry breaking could rule out the
model.
The scope of this Letter is to generate a debate about
the true nature of the renormalizability of H-LG. What
is important here is to show that the anisotropic scaling
law (1) is not necessary to ensure the renormalization of
H-LG. We argued that such renormalizability would be
due only to higher order derivatives and not due to the
Lifshitz scaling (1). We have introduced a new higher
spatial derivatives model that does not make use of the
Lifshitz scaling an that does not break Diff(M) in the
spacetime measure. This model results more conserva-
tive but has the same renormalization properties of H-
LG. Finally, we have discussed the Lorentz invariance
restoration problem in H-LG-type theories as known in
the literature.
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